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Abstract

We present some new uniqueness criteria for the Cauchy problem
a'(t) = f(t,x(t), x(to) = o,
based on the local equivalence with another initial value problem.
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1 Introduction

The question about existence and uniqueness of solution for the initial
value problem

z'(t) = f(t,z(t)), =z(to) = o, (1.1)
where f : U C R x R® — R"™, U is an open set and (to,z0) € U, is a
classical problem in the study of differential equations and it has a great

importance, as much in theory as in applications.



In spite of the enormous literature that exists about this topic and the
great amount of sufficient conditions that imply uniqueness of solutions
(see [1, 5] and the references therein), this problem is far from being
completely solved. When (1.1) is scalar and autonomous we have sufficient
and necessary conditions for existence and uniqueness of solution (see [2]).
However, for the general case we know no condition on f being at the
same time necessary and sufficient. Neither it seems easy to find them,
as it is shown in theorem 2, chapter 12 in [6], there exists a Lebesgue

nonmeasurable function ¥ : R x R — R such that the Cauchy problem
' =0t z), z(t) = o,

has a unique solution z : R — R (locally absolutely continuous) through
any point (to,z0) € R%.

From now on we will center our attention in problem (1.1) with a
continuous right-hand side f. In this case Peano’s theorem ensures the
existence of at least one solution, but it is easy to give examples where
uniqueness fails: 2’ = 23 has infinitely many solutions through (0,0). A
more complicated example is given by Hartman in [5], page 18, where a
scalar and continuous function f in R? is defined in such a way that there
is more than one solution of problem (1.1) for every initial condition. A
remarkable result, related with uniqueness, is that for almost each (in the
category sense) function in the Banach space of all bounded and contin-
uous real functions defined in R?, problem (1.1) has a unique solution
(see theorem 1, chapter 12 in [6]). Nevertheless, like in the discontinuous
case, there is no characterization for uniqueness of solution. The most
important uniqueness criterion in the case of continuous f’s is that of
Lipschitz. This classic result was given in 1876 (see [7]). Briefly, we say
that f : U C R x R — R is locally Lipschitz continuous with respect to
z, if for every (to, o) € U there exists a neighbourhood V' C U of (to, z0)

and a constant K > 0 such that

|f(t,x1) — f(t,x2)| < Klz1 — 2| for all (¢,21), (¢, z2) € V.



The Lipschitz criterion, as it is well-known, says that if f is continuous
and locally Lipschitz continuous with respect to x, then the problem (1.1)
has a unique local solution. On the other hand, it is easy to prove that the
Lipschitz criterion is not necessary: for example, in the following initial

value problem (example 1.2.2 in [1])
¥ =ft,x) =1+ x%, z(0) =0, (1.2)

the function f is continuous in R? and it is not Lipschitz continuous in
any neighbourhood of (0,0). However, separating the variables and using
the substitution z = 2%, we deduce that the unique solution of problem

(1.2) is implicitly given by the equation

wl—

3(1’% — arctan(z

) =t.

In [3] we prove the following alternative version of Lipschitz criterion
for the scalar case: if f : U C R x R — R is continuous in the open
set U, (to,z0) € U, f(to,z0) # 0 and f is locally Lipschitz continuous
with respect to t, then problem (1.1) has a unique local solution. This
surprising result can be applied, for example, to the problem (1.2) for
which the usual Lipschitz criterion fails.

The present paper is organized as follows: in section 2 we establish a
local equivalence between two initial value problems, which will be funda-
mental in the proof of our results. In section 3 we generalize the version of
Lipschitz uniqueness criterion given in [3] to systems of differential equa-
tions. Some corollaries and examples are also given. In section 4 we prove
that continuity implies local uniqueness for a class of two dimensional au-
tonomous systems, which includes the Hamiltonian ones, provided that
the initial condition is not a critical point. This result is closed related to

that of [10].



2 Two (locally) equivalent IVP’s

Let U C R™™ be an open set, f: U Cc R""! — R™ a continuous function

and (to,zo) € U. We consider the initial value problem
z'(t) = f(t,z(t), z(to) = wo. (2.3)
We say that a function z : I, — R" is a solution of problem (2.3) if
satisfies the following conditions:

(i) I. C Ris an interval (not necessarily open) with non empty interior

such that to € I,;
(ii) for all t € I, (t,z(t)) € U;
(iii) for all ¢ € I, there exists z’(t) and 2’(t) = f(t, z(t));
(iv) z(to) = zo-

We point out that from (iii) it follows that = belongs to C*.

As usual, we define the norm || - || : RY — [0, 00), for N € N, as

l

H(mlaan .. '7371\7)”00 = ZG{LI%?JX’N} |{L'7,

and the open ball with center z € RY and radius 7 > 0 as
Beo(z,7) == {y € RY : |lz —ylloo <7}

Since f := (f1, f2,---, fn—1, fn) is continuous, when f,(to,zo) # 0
there exist open intervals J; C R, with ¢ € {0,1,...,n}, such that setting
B=J xJ2x-- X Jp—1 X Jp we have that

1. (to,x0) € Jo x BC U;

2. fa(t,z) #0 for all (t,z) € Jo x B.

Then we can define f : J, x B C R*™! — R”, where B = Ji X J» X
<o X Jp—1 X Jo, as

f f’i(y’ﬂvylw‘wynfl,r) [P
Jilryyi, o Yn—1,Yn) = ifie{1,2,...,n—1}
fn(yn7y17- . -7yn—1,7’)

and

~ 1
f(r7y17"~,y -1, Y ): .
" T o Yty Yn1,T)




Moreover, if 2o = (23, ...,25) € R" we define

12 1 5
ro=xy € J, and yo = (zg,75,...,T4 ,to0) € B,

and we consider the initial value problem

y'(r) = f(r,y(r), y(ro) = yo. (2.4)

The proof of the following result is based on the chain rule and the

formula for the derivative of the inverse.

Theorem 2.1 Let f : Jo x B C R™™ — R™ be a continuous function,
(to,z0) € Jo X B and fn(t,z) # 0 for all (t,x) € Jo X B.
I)Ifz: Jy C Jo — B, withx = (z1,%2,...,%s), is a solution of the
problem

'(t) = f(t,2(t), =(to) = o,
then y : n(Jz) C Jo — B given by y = (x10xn ", ..., Tn_1 0z, ,xnt) is
a solution of

Y (r) = fry(r), y(ro) = yo.
IT) Conversely, ify : J, C Jn — B, withy = (y1,Y2, ..., yn), is a solution
of the problem

Y (r) = fry(r), y(ro) = o,
then @ : yn(Jy) C Jo — B given by x = (yr oy, ..., yn—10yn " yn ') is
a solution of

' (t) = f(t,2(t), x(to) = zo.

In the following example we illustrate the theorem 2.1

Example 2.1 We consider the function f : R x (0,00) x R — R? given

by
-t 1
f(t?xlva) - ?17 ;1
and the problem
8 —t
§ $/1:f1(t,l'1,1'2)—f s $1(0):1,
1
(2.5)
g 1
= $2:f2(t,$17$2)—f 5 wQ(O):O
1



Since fa(t,x1,22) = ﬁ # 0 for all (t,z1,22) € R x (0,00) X R, we can
deﬁnef:RX(O,oo)XRﬁR2 by

- . fl(y27y17r) 1
flryr,y2) = foly2,y1,7) foly2,y1,7)

Hence, as (y1(t),y2(t)) = (cos(t),sin(t)) for allt € (=%, %) is a solu-

= (—y2,1).

tion of s
% yi:fl(nyhyQ):_yZ ; y1(0)217

=

Ty =fo(nyny) =y, 12(0)=0,
it follows from theorem 2.1 that for allt € sin(—%, %) = (—1,1)

(z1(t), z2(t)) = (cos(arcsint), arcsint),
defines a solution of (2.5).

Next, we establish that the local uniqueness for problem (2.4) implies
the local uniqueness for problem (2.3). This result is fundamental in the
following sections.

Theorem 2.2 Let U C R""! be an open set, f : U C R — R" ¢
continuous function and (to,xo) € U such that fn(to,x0) # 0.

If there exists & > 0 such that the problem (2.4) has a unique solution
on the interval [ro— &, ro+a| then there exists o > 0 such that the problem
(2.3) has a unique solution on the interval [to — o, to + a.

Proof. We can suppose without loss of generality that fr(to,z0) > 0.
Since f is continuous, fr(to,x0) > 0 and U is open there exist constants

a,b,m, M > 0 such that
i) Jo x B C U, where Jy := (to —a,to+a) and B := J1 X Ja X ... X Jp,
with J; := (z§ — b, +b) fori € {1,2,...,n};
ii) 0 <m < fo(t,z) for all (¢,z) € Jo X B;
iil) ||f(t,z)||oe < M for all (¢,z) € Jo X B.
By hypothesis there exists a unique solution y : [ro — &, 70 + & — B
of (2.4). Moreover, y, is continuous, increasing and y,(r9) = to. Then,
there exists a1 > 0 such that [to — a1, to + 1] C yn([ro — &, ro + @]). We

take 0 < @ < min{as, %, 1\%}



Ezistence of a solution on the interval [to — o, to + «]. By part (II) of
theorem 2.1 the function = : yn([ro — &, r0 + @]) — B, defined as x = (y1 0
't yn—10yn Y, ynt) is a solution of (2.3). Moreover [to — a, to +a] C

yYn([ro — &, 70 + &]) and therefore x is a solution of (2.3) in [to — «, to + a].

Uniqueness of solution on the interval [to — o, to + @]. Suppose that T :
Iz — R" is a solution of (2.3) with Iz C [to —«, to+«]. We will prove that
Z(Iz) C B and Z,(Iz) C (1o — &, 70 + &). Indeed, define by := min{b, &}
and suppose that there exists t1 € Iz such that ||Z(t1) — zolleo > b1 (We
suppose that t1 > to; the case t1 < to can be treated analogously). Put
to := inf{t € (to,t1] : ||Z(t) — zol]loc = b1}. It is obvious that for all
t € (to, t2) we have that Z(t) € Boo(20,b) and then ||f(t, Z(¢))|lcc < M for

all ¢t € (to,t2). Hence
Z t Z ts
[1Z(t2)—zolloc = f(s,2(s))ds < [1£(5,2(5))]l oo ds < Ma < by,

to oo to

in contradiction with the definition of t5.

Then, since T : Iz — R™ is a solution of (2.3) and Z(Iz) C B, by part
(I) of theorem 2.1 we have that the function § : Zn(Iz) — B, defined
as § = (Z10Z,", ..., Tn-10Z,",Z;") is a solution of (2.4). Moreover,
Zn(lz) C (ro — &,70 + @) and then we have that y(r) = g(r) for all

r € Tn(Iz). Therefore, for all ¢t € Iz we have that

t) = (Grogn (t), - Un-10F (), Tn (t))

—1

= (W1oyn ' (t),. . yn—10yn (t),yn ' (1) = x(t).

3 An alternative version of Lipschitz unique-

ness criterion

We say that f : U C R"™ — R" is Lipschitz continuous when fizing

component ig € {0,1,...,n} if there exists K > 0 such that

1f (os - -5 vigs o un) = f(To, -, Vigy -y U)o <



K”(Uo,. sy Uig—1, Wig+1, - - - 7un) - (’l_Lo,. coy Wig—1, Wig41, - - - 7’&")”007

for all (wo,...,Vigy---,Un), (TWoys---,Vig,---,Un) € U and K is called a
Lipschitz constant.

We say that f is locally Lipschitz continuous when fizing component
io € {0,1,...,n} if for every (t,x) € U there exists a neighbourhood
V C U of (¢, ) such that the restriction of f to V is Lipschitz continuous
when fixing component ig € {0,1,...,n}.

We say that f is (locally) Lipschitz continuous with respect to x if it is
(locally) Lipschitz continuous when fixing component i = 0.

It is well-known that if there exists w and it is continuous in U,
then f is locally Lipschitz continuous with respect to . An analogous
result, of course, is valid for the case of functions locally Lipschitz contin-
uous when fixing a component 4.

Now, we recall the classical Lipschitz criterion for the existence and

local uniqueness of solutions for problem (2.3). It can be found in [4, 5, 8].

Theorem 3.1 Let U C R™™! be an open set, f : U ¢ R*"! — R"
and (to,zo) € U. We suppose that f is continuous and locally Lipschitz
continuous with respect to x.

Then there exists o > 0 such that the problem (2.3) has a unique

solution in [to — a, to + .
Next, we present the main result of this section.

Theorem 3.2 Let U C R™! be an open set, f : U ¢ R" — R"
and (to,zo) € U. We suppose that f is continuous and locally Lipschitz
continuous when fizing a component io € {0,1,...,n}.

Then there exists o > 0 such that the problem (2.3) has a unique

solution in [to — a, to + o] provided that either io = 0 or fi,(to,z0) # 0.

Proof. If ig = 0 theorem 3.2 reduces to theorem 3.1. When i¢p # 0 we can
suppose without loss of generality that i9 = n and f,(to,z0) > 0. Then
there exist open intervals J; C R, with ¢ € {0,1,...,n}, and constants

m, M > 0 such that



1. (toﬂ?o) cJox BCU;
2. fa(t,z) # 0 for all (t,z) € Jo x B;

3. 0<m< fp(t,x) for all (t,z) € Jo X B;

I

Nf @ x)]|oo < M for all (¢,z) € Jo X B;
5. f : Jo x B — R"™ is Lipschitz continuous in Jy x B when fixing
component o = n, with Lipschitz constant K > 0;
where B = J1 X JJa X+ - X Jp—1 X Jp. We will prove that f: JIn x B — R" is
Lipschitz continuous with respect to y € B. Indeed, if i € {1,2,...,n—1}

we have that

: z filYn,y1,...,7)  fi

: e . AL
‘f’b(r>y17"'ayn) fz(nyl»---,yn)‘ - fn(yn,yl,--~77') fn(

2MEK||(y1s- - yn) = (Y15, Tn)

IA

m2
On the other hand, if i = n we have that

1 1

‘fn(r,ylw . 7yn) - fn(r7 gl,' .- 7?3”)‘

IN

fn(yn,y17---7r) - f"(gnvgla"'
K|y, yn) = @155 Gn)lloo

77.)

m?2

Then, taking K := max{ zfn[f, %}, we obtain that f : J, x B — R"
is Lipschitz continuous with respect to y € B. Therefore from theorem
3.1 and theorem 2.2 it follows the existence of a constant o > 0 such that

the problem (2.3) has a unique solution in the interval [to — a,to + «]. O

Example 3.1 The following autonomous initial value problem

8
=1, mO)=1

=

wy =" Je2| , 22(0)=0,

has infinitely many solutions. We have that f is continuous in R? and lo-

cally Lipschitz continuous when fixing component io = 2, but fa(z1,z2) =

|2 vanishes at the initial condition (1,0). On the other hand, fi(zx1,x2) =

1 # 0 but f is not locally Lipschitz continuous when fixing component

ig = 1.



Remark 3.1 In theorem 3.2 we use the Lipschitz criterion to ensure local
uniqueness for problem (2.4). We have chosen Lipschitz criterion for
clarity and stmplicity, but in an analogous way we can adapt other more
general criteria: Osgood, Nagumo, Perron, Kamke... As an example we

are going to give an alternative version of Osgood’s criterion.

Osgood’s criterion: (see theorem 1.4.2 in [1]) Let U C R* be an open
set, f: U C R* = R and (to,z0) € U. We suppose that f is continuous

and it satisfies that
‘f(tle) - f(tv l‘2)| < g(|.1»'1 - '1"2‘) fOT all (t,xl)v (t7 33‘2) S U7

where g : [0,00) 5~ R is continuous, nondecreasing, g(0) =0, g(z) > 0 if

Z
. L dz
z >0 and lim — =
c—ot . g(2)

Then there exists o > 0 such that the problem (2.3) has a unique

solution in [to — a, to + a].

When f is scalar, Lipschitz criterion is a particular case of Osgood’s
(taking g(z) = Kz). Therefore, for a scalar f the following theorem is

more general than theorem 3.2.

Alternative version of Osgood’s criterion: Let U C R? be an open
set, f: U C R? = R and (to,x0) € U. We suppose that f is continuous,

f(to,zo) # 0 and
‘f(thx) - f(t2,$)| < g(ltl - tQD fOT all (thm)v (tg,iﬂ) ev,

where g : [0,00) 5~ R is continuous, nondecreasing, g(0) = 0, g(z) > 0 if

Z, i
2>0and lim  —— =
c—ot . g(2)
Then there exists o > 0 such that the problem (2.3) has a unique

solution in [to — a,to + a].

3.1 Some consequences of theorem 3.2

We are going to give some corollaries and particular cases of theorem 3.2.

10



3.1.1 Global existence results.

Corollary 3.3 Let U C R"™! be an open set and f : U C R*™' — R™.
We suppose that f is continuous and for each (t,x) € U there exist a
component ig = io(t,z) € {0,1,...,n} and a real number b = b(t,z) > 0
such that f restricted to Boo((t,x),b) is Lipschitz continuous when fizing
component iy and either ig =0 or fi,(t,x) # 0.

Then, given (to,xo) € U there exists a unique mazimal solution x :
J — R™ of problem (2.3), that is, if z : I — R™ is also a solution of (2.3)
trough (to,zo), then I C J and z(t) = z(t) for allt € I.

Proof. By theorem 3.2 problem (2.3) has an unique local solution trough
any initial condition (¢,2) € U. Then, standard arguments (see theorem
5.6 in [8]) imply that for a fixed initial condition (%o, zo) € U there exists

a unique maximal solution x : J — R™ of problem (2.3). O

Example 3.2 We consider the function

8 b

% eV® + Psinz Jif x>0,
flt,z) =

2

zln(t® +1) +cosz ,if x<O.

It is easy to check that f is locally Lipschitz continuous with respect to x in
R2\{(¢,0) : t € R} and that it is not Lipschitz continuous with respect to x
in any neighbourhood of (to,0), with to € R. Nevertheless f(to,0) =1 #0
and moreover f is Lipschitz continuous when firing component io = 1 in
every bounded neighbourhood of (to,0), for allty € R. Hence, corollary 3.3
ensures that there exists a unique maximal solution through each initial

condition (to,zo) € R2.

3.1.2 Autonomous problems.

Corollary 3.4 Let D C R" be an open set and f : D — R™ a continuous

vector field. If xo € D and one of the two following conditions holds

1) f is locally Lipschitz continuous,

11



i) there exists io € {1,2,...,n} such that fi,(x0) # 0 and f is locally

Lipschitz continuous when fizing component io,

then the problem

has a unique local solution.

Example 3.3 The function f : R2 — R? given by
. P
f(@1,@2) = (sin (z122),  [22] +1)

is not Lipschitz continuous in any neighbourhood of (0,0). However,
f2(0,0) =1 # 0 and f is locally Lipschitz continuous fixed io = 2. Then,

by part i) of corollary 3.4 we have that the problem

8
% x] =sin(z132) , z1(0) =0,

=

P
oy = |za|+1 , z2(0)=0,
has a unique local solution.

We have proved in corollary 3.4 that if f : D C R™ — R" is continuous
and o € D is not a critical point, then it’s enough that f be locally
Lipschitz continuous with respect to n—1 variables to ensure uniqueness of
local solution. In the following example we show that if f : D C R" — R"
is locally Lipschitz continuous with respect to n — 2 variables uniqueness

may fail.

Example 3.4 We consider the problem

:L,{nfl = ) .I:n_l(o) = 07

P
xn = J|z1—zn|+1 , x,(0)=0,

with n > 2. The corresponding vector field is continuous, Lipschitz con-

tinuous with respect to (x2,x3,...,Tn—1) and it has no critical points.

12



However, z(t) = (t,t,...,t,t) for allt € R and

(t7t7"'7t7t) 7Zf t§07

W AW

(t,t,... 6,52 +t) Lif t>0,

are two different solutions of problem (3.6).

3.1.3 Scalar problems.

The following result was proved in [3].

Corollary 3.5 Let U C R? be an open set, (to,x0) € U and f : U C
R? — R a continuous function. Then there exists a unique local solution
of problem (2.3) provided one of the two following conditions holds:

1) f is locally Lipschitz continuous with respect to x,

1) f(to,xo) # 0 and f is locally Lipschitz continuous with respect to t.

Example 3.5 We consider the problem
= f(t,z) =€ —I—x%, z(0) = 0.

It is easy to see that f is not Lipschitz continuous in any neighbourhood of
(0,0). However, as f(0,0) =1 # 0 and f is locally Lipschitz continuous
with respect to t, condition i) of corollary (3.5) ensures the existence of

a unique local solution.

In the autonomous case it is obvious that f is locally Lipschitz continu-
ous with respect to t. Therefore, from corollary 3.5 it follows immediately

the following result.

Corollary 3.6 If D C R is an open interval, f : D C R — R is continu-

ous and f(xo) # 0, then there exists a unique local solution for problem
2’ = f(x), @(0) = 0. (3.7)

This result is well-known and was proved by Peano in [9]. It also can be
found in [1], theorem 1.2.7. Moreover, problem (3.7), with f not necessar-
ily continuous, has been solved by Binding in [2], where he characterizes

the existence and uniqueness of absolutely continuous solutions.

13



4 An uniqueness result for a class of au-

tonomous planar systems

Let D C R? be an open set, P,Q : D C R? — R two continuous functions

and (zf,23) € D. We consider the initial value problem

8

2 of = Plai,22),  @1(0) =i,
=

I

5 = Q(x1,12), 22(0) = 23.
The main result of this section is the following.

Theorem 4.1 Assume that there exists a continuous and strictly positive
function p: D C R* = R and a C*-function H : D C R? — R such that

for all (z1,22) € D we have that

O0H (x1, OH (x1,
_OH@,z2) _ (w1, z2) P(21,22) and OH(m,z2) _ p(z, 2)Q(z1, x2),
8.’22 8$1
i.e., the system s
<

zh = p(w1, 22) P(21, T2),

ry = p(z1, 22)Q (21, 22),

is Hamiltonian.

Then there exists o > 0 such that the problem (4.8) has a unique
solution in [—a, o], provided that the initial value (xf,23) is not a critical
point, i.c., (P(z,x3), Q(zd, 23)) # (0,0).

Proof. We suppose without loss of generality that Q(zg,z3) # 0. The

corresponding problem (2.4) associated to problem (4.8) is

8
/ _ P(yi,r) (xz) !
% Y1 = Q(y1,7m) > Y1lZo) = Lo

=

) yézm , y2(2d) =0.

(4.9)

The first equation of this system is a scalar differential equation for which

1 is an integrating factor, i.e., the equation

Pl o
YT iy, Q7 ) :

14



BH(zl,z2) s . ..
# # 0 it is well-known that the implicit

is an exact equation. Since
function theorem implies the existence of @ > 0 and an unique solution
y1 of (4.10) in [z — &, 23 + &) such that y1(z3) = 5. Then, integrating
the second equation of (4.9) we deduce that problem (4.9) has a unique

solution in [z — &, 23 + &] and therefore the existence of a > 0 such that

(4.8) has a unique solution in [—c, a] follows from theorem 2.2. O

Taking p = 1 theorem 4.1 applies to Hamiltonian systems. The follow-
ing corollary of theorem 4.1 was proved by Rebelo in [10] using a different

argument.
Corollary 4.2 Let D C R? be an open set, H : D — R a C*-function
and (z$,x3) € D.

Then there exists o > 0 such that the Hamiltonian system

8

% ‘Tll _ _OH(E):rzlz,:tz) , $1(0) _ 1’(1),

§ (4.11)
B :E/2 = BHE?lel’x2) ’ :rZ(O) = m(2)7

has a unique solution in [—a, o), provided that (x},x3) is not a critical

point, i.e., VH(x}, x3) # 0.
Uniqueness of solution may fail when the initial condition is a critical
point, as we illustrate in the following example (for a class of examples

with this property see remark 1 in [10]).

Example 4.1 We consider H : R2 — R given by
z YA

xq - 2 P
H(z1,22) = |s|ds — |s|ds  for all (z1,12) € R?,
0 0

which is C*. The associated Hamiltonian system is

% T = |{L'2|,
=
x

b= lml,
and (0,0) is a critical point. We have that x1(t) = x2(t) =0 for allt € R

and s
= 0 ,if t<o0,

- ‘
- % Jif >0,

15



are two different solutions through the initial condition (0,0) (in fact in-

finitely many solutions exist).
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