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Abstract: We study the existence of solution for the one-dimensional ¢-laplacian
equation (¢(u')) = Af(¢,u,u’) with Dirichlet or mixed boundary conditions.

Under general conditions, an explicit estimate \g is given such that the problem

possesses a solution for any |A| < Ag.
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1 Introduction
In this paper we shall consider the differential equation

(p(u") = Mf(t,u,u') fora.a. t €l :=]0,1], (1.1)
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with Dirichlet
u(0) =0 =wu(1) (1.2)

or mixed boundary conditions
u(0) = 0 =14/(1). (1.3)

We suppose that ¢ : (—a,a) — (=b,b) is an increasing homeomorphism with
¢(0) =0and 0 < a,b < oo, A € Ris a parameter and f: I xR X (—a,a) = R

is a L'-Carathéodory function, that is,
(i) for all (u,v) € R x (—a,a), f(-,u,v) is measurable;
(ii) for a.a. t € I, f(t,-,-) is continuous;

(iii) for each compact set K C R x (—a,a) there exists hx(t) € L'(0,1) such
that
|f(t,u,v)| < hg(t) foraa.telandall (u,v) € K.

A solution of (1.1)-(1.2) or (1.1)-(1.3) is a function u € C(I) such that
¢pou’ € WH1(0,1) and u fulfills (1.1) almost everywhere and the corresponding
boundary condition.

The study of the ¢-laplacian equation is a classical topic that has attracted
the attention of many researchers because of its interest in applications. Usually,
a ¢-laplacian operator is said singular when the domain of ¢ is finite (that is,
a < 400), on the contrary the operator is said regular. On the other hand we
say that ¢ is bounded if its range is finite (that is, b < +00) and unbounded in

other case. There are three paradigmatic models in this context:

e a = b = +00 (Regular unbounded): the p-laplacian operator

é1(x) = |2[P 22, with p > 1.

® a < 400, b = +oo (Singular unbounded): the relativistic operator

T

) =



e a = +00, b < 400 (Regular bounded): the one-dimensional mean curva-

ture operator
T
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Among them, the p-laplacian operator has deserved a lot of attention and the

¢3(z) =

number of related references is huge (see for instance ([5, 6, 7, 8, 9, 10] and
references therein). For the relativistic operator, it has been proved in the recent
paper [2] that the Dirichlet problem is always solvable. This is a striking result
closely related with the “a priori” bound of the derivatives of the solutions. For
the curvature operator, this is no longer true, but other results about existence
and multiplicity of solutions can be obtained by variational [4] or topological
approaches (see the thesis [3] for a more complete bibliography).

The purpose of this note is to contribute to the literature by proving the
existence of solution for small A\, giving an explicit estimate. This complements
in part the results in [4]. Moreover we extend some previous results of Bereanu
and Mawhin [1, 2]. The proof is elementary and relies on Schauder’s fixed
point theorem after a suitable reduction of the problem to a first order integro-
differential equation.

For convenience, for each 0 < r < b let M, be defined as
My = g, |1, (1.4)

where K, = [¢~ (=), ¢ 1(r)] X [¢~(=7), ¢~ (r)].

2 The Dirichlet boundary value problem
Let us consider the boundary value problem
(p(u))) = Af(t,u,u') forae. te€l, u(0)=0=u(l), (2.5)

under the conditions given in the introduction.

Let us define the space

#={yecw vle <3}



Of course, % must be understood as 400 when b = +o00. The following result is
a slight modification of [2, Lemma 1], but we include the proof for the shake of

completeness.

LEMMA 2.1 For anyy € H there exists a unique constant o := Qgly] such that

1
/ ¢ H(y(s) — a)ds = 0. (2.6)
0
Besides, |Qg[y]| < ||yl and the function Qy : H — (=%, %) is continuous.

Proof. By the properties of ¢, it is clear that

[ o) = lods <0< [ 67 (o) + ol )ds
0 0

By Bolzano’s theorem, there exists a verifying (2.6) with |a| < ||y|| .. Moreover,
this constant is unique by the increasing character of ¢~!. To check the con-
tinuity assume that {y,} C H is a sequence converging to some y € H. Then
Qgslyn] — c (taking a subsequence if it is necessary) and by the dominated

convergence theorem we have

T
| o - ais—o.
0

Therefore ¢ = Q4[y] and the proof is complete. O

By means of a suitable change of variables we relate the problem (2.5) with

the non-local first order equation
v =27 (1 [ 67 006) ~ Qulihds o~ ()~ Qub) ) na e 1. (2)
LEMMA 2.2 If y is a solution of problem (2.7) with ||y|l < & then
)= [ 57 - Quliis
is a solution of problem (2.5).

The proof of the lemma is direct and thus we omit it. Now, we are in a
position to prove the main result of this section: the solvability of problem (2.5)

for small \.



THEOREM 2.1 For each 0 < r < b/2, let M,. be defined by equation (1.4). If

r

[A| < Ao := sup ,
o<r<b/2 Mor

then problem (2.5) has a solution.

Proof. Let 0 <71 <b/2 be such that [A[ < 37— and consider the closed ball
1

Br, ={y € C(I) : lylloc <r1}.
For each y € B,, define the operator
Ty(t) = A/ f (s/ ¢~ (y(r) + Quly)dr, ¢~ (y(s) +Q¢[y})> ds.
0 0

It is easy to show that T is completely continuous. Moreover by our assumptions

and the choice of r; we have
1Tylloc < A M2y, <71,

which implies that T'(B,,) C By,. Thus Schauder’s fixed point theorem yields a
fixed point for T which is a solution of equation (2.7) and therefore by Lemma

2.2 it is also a solution for problem (2.5). O

REMARK 2.1 Of course, an analogous result holds for a BVP defined on an

arbitrary interval [t1,ts], we have chosen the interval [0, 1] just for simplicity.

REMARK 2.2 In [/] the authors obtain the existence of a positive solution to

problem
_¢(ul)/ = /\f(tvu)a u(O):OZU’(]):
for small and/or large A > 0, where ¢p(u) = = s the mean curvature oper-

ator. The main advantage of our approach is the simplicity on the assumptions
and the fact that the constant Ay is established explicitly. Regrettably our method

doesn’t avoid in general the existence of the trivial solution.

Now we are going to apply Theorem 2.1 to study the solvability of the
Dirichlet problem

(p(u))) = f(t,u,u’) forae tel, u(0)=0=u(l), (2.8)



extending some previous results in [1, 2]. We point out that problem (2.8)
presents interesting different features depending on the bounded or unbounded

behavior of ¢.

2.1 Unbounded ¢-laplacian (b = +00)

A consequence of Theorem 2.1 is that whenever ¢ is unbounded and f is L-

bounded then (2.8) is always solvable.

COROLLARY 2.1 Assume that ¢ is unbounded (that is, b = +00) and there exists

h € L'(0,1) such that
|f(t,u,v)| < h(t) fora.a. tel and allu,v € (—a,a). (2.9)
Then the Dirichlet problem (2.8) has at least one solution.
Proof. By condition (2.9) it is clear that
M, = ||h|ly for each r > 0.

Therefore

r
Ao = sup = +o0,
0<r<+oco M2r

and then Theorem 2.1 ensures us that problem (2.5) has a solution for each

A € R, and in particular for A = 1. a

REMARK 2.3 Corollary 2.1 applies in particular if ¢ is also singular (a < 4+00)

and f continuous on I x R?. In this way Corollary 2.1 improves [2, Corollary

1.

2.2 Bounded ¢-laplacian (b < +00)

In the case of bounded ¢-laplacian the “universal” solvability of (2.8) is not
longer true even for a constant nonlinearity f(¢,u,v) = M as we show in the

following result.



PROPOSITION 2.1 Assume that ¢ is bounded (that is, b < +o0), let M € R and

consider the Dirichlet problem
(p(u") =M foraa tel, u0)=0=u(l). (2.10)
Then the following claims hold:
(i) If |M| > 2b then the problem (2.10) has no solution.

(i) If |M| < 2b and moreover ® is odd then the problem (2.10) has a solution.

Proof. (i) If u is a solution of (2.10) then there exists some 7 € (0,1) such
that ¢(u'(7)) = 0 and therefore we have

t
u(t) :/ 6~ (M(s — 7))ds forall t € I. (2.11)
0
Suppose that |M| > 2b, then

Slgl[%ﬁ] |M(s—7)| >b.
In this case u given by (2.11) would not be well defined since the domain of ¢~*
is the interval (—b,b) and thus a solution of (2.10) can not exist.
(#) If | M| < 2b the function u given by equation (2.11) is well defined for
T = 1/2, satisfies (¢(u'))’ = M on [0, 1] and «(0) = 0. Moreover, since ¢ is odd

we also obtain that u(1) = 0 and thus u is a solution of (2.10). O

Both claims of Proposition 2.1 apply to the one-dimensional mean curvature

operator ®(s) = ﬁ since it is a bounded and odd homeomorphism.

COROLLARY 2.2 The Dirichlet boundary value problem

(1_’_11;,(%)2> =M foraa tel, u(0)=0=u(l),

has a solution if and only if |M| < 2.

As consequence of Theorem 2.1 we obtain the following sufficient condition

for the solvability of the Dirichlet problem which extends a previous result in

[1].



COROLLARY 2.3 Assume that ¢ is bounded (that is, b < +00) and there exists
h € L'(0,1) such that

|f(t,u,v)| < h(t) for a.a. t €l and all u,v € (—a,a),

with
b
bl < 5

Then the Dirichlet problem (2.8) has at least one solution.

Proof. Now, for each 0 < r < b we have that M, = ||h]; < . Therefore

Ao = sup
O<r<% 2r

> 1,

and thus Theorem 2.1 implies the existence of a solution for problem (2.5) with

A=1 O

3 The mixed boundary value problem
If compared with the Dirichlet problem, the mixed boundary value problem
(p(u") = Af(t,u,u’) foraa. tel, wu(0)=0=u(1), (3.12)

is less studied in the related literature. In this case, by means of the change of
variables y = ¢(u’) we have that a solution u : I — R of (3.12) is equivalent to
a solution y : I — (—b,b) of the following non-local first order terminal value

problem

t

y() = Af (t, | o wsnas. ¢1<y<t>>) foraa tel, y(1)=0. (3.13)
0

By using the same idea as in Theorem 2.1, we can prove the following result.

THEOREM 3.1 If

A <5\0 = sup —,
A o<r<b M;

then problem (3.12) has a solution.



Ty
M define

Proof. Let 0 <71 < b be such that || <
Br ={ycC): |yl <}

and apply Schauder’s fixed point theorem to the completely continuous operator

T : B, — B,, defined as

Ty(t) = /\/t1 f (8, /0 ¢~ (y(r))dr, ¢5_1(y(8))> ds.

REMARK 3.1 The preceding theorem is sharp in the following sense: when

o(x) = L= and f(t,u,v) = M then it is easy to show that problem (3.12)

1422
~ r 1
has a solution if and only if |[A\| < A\g = su = —,
f y i 0 0<r1<)1 M, M

Again, the extremes where the BVP is defined can be chosen arbitrarily. On

the other hand, let us observe that 5\0 > Ao-

Acknowledgments. The authors thank the two anonymous referees for point-

ing out an inaccuracy in a previous version of this paper.

References

[1] C. Bereanu and J. Mawhin, Boundary-value problems with non-surjective
¢-Laplacian and one-sided bounded nonlinearity, Adv. Differential Equa-

tions, 11, no. 1,(2006), 35-60.

[2] C. Bereanu and J. Mawhin, Existence and multiplicity results for some
nonlinear problems with singular ¢-laplacian, J. Differential Equations,

(2007), 243, no. 2, (2007), 536-557.

[3] C. Bereanu, Topological degree methods for some nonlinear problems, Ph.

D. Thesis, Université Catolique de Louvain, Louvain-la-Neuve, Belgium.

[4] D. Bonheure, P. Habets, F. Obersnel and P. Omari, Classical and non-
classical solutions of a prescribed curvature equation, J. Differential Equa-

tions, 243, no. 2, (2007), 208-237.



[5]

[10]

C. de Coster, Pairs of positive solutions for the one dimensional p-

Laplacian, Nonlinear Anal., 23, no. 5, (1994), 669-681.

C. Fabry and R. Manésevich, Equations with a p-Laplacian and an asym-
metric nonlinear term, Discrete Contin. Dynam. Syst., 7, no. 3, (2001),

545-557.

L. Gasinski, Positive solutions for resonant boundary value problems with
the scalar p-Laplacian and monsmooth potential, Discrete Contin. Dyn.

Syst., 17, no. 1, (2007), 143-158.

R. Manasevich and F. Zanolin, Time-mappings and multiplicity of solu-
tions for the one-dimensional p-Laplacian, Nonlinear Anal., 21, no. 4,

(1993), 269-291.

M. del Pino, M. Elgueta and R. Mandsevich, A homotopic deformation
along p of a Leray-Schauder degree result and existence for (Ju'[P~2u") +
flt,u) =0, w(0) =u(T) =0, p > 1, J. Differential Equations 80, no. 1,
(1989), 1-13.

M. del Pino, P. Drabek and R. Manasevich, The Fredholm alternative at
the first eigenvalue for the one dimensional p-Laplacian, J. Differential

Equations, 151, no. 2, (1999), 386—419.

E-mail: angelcid@ujaen.es; ptorresQugr.es

10



