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Abstract. The Brouwer fixed point theorem is a key ingredient in the
proof that a periodic differential equation has a periodic solution in a set
that satisfies a suitable tangency condition on its boundary. The main
goal of this note is to show that both results are in fact equivalent.
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1. Introduction
The Brouwer fixed point theorem [2, Satz 4] has a simple statement, a very
interesting history and a long list of rich applications, see [1,5,17,21].

Brouwer fixed point theorem. If C' C R" is a nonempty, closed, bounded and
convex set and g : C — C is continuous, then there exists x € C' such that

g9(z) = .

The first application of the Brouwer fixed point theorem to the existence
of periodic solutions of differential equations seems to be the one given in the
pioneering work by Lefschetz [14]. He considered the Liénard equation

" +d' (z)2" +b(z) = e(t), (1)

where e(t) is T'—periodic and gave sufficient conditions in order that an ellipse
S is an invariant set for the Poincaré map P of the equivalent planar system

Yy = —=b(x) + e(t).
We recall that P is defined as
7D(m07 ZUO) = (l’(T, Oa (.’I)Q, yO))7 ZU(T; 07 (-7;07 yO)))a
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where (x(-,0, (x0,%0)),y(-,0, (z0,y0))) is the solution of (2) with initial con-
dition (z0,yo) at time ¢ = 0. It is an easy task to show that the fixed points
of P are precisely the initial conditions of the T'—periodic solutions of (1). A
direct application of the Brouwer fixed point theorem to the continuous map
P : S — S yields the desired T'—periodic solution.

Lefschetz’s result was quickly followed by a generalization by Levinson,
[15], and good accounts of the application of Brouwer fixed point theorem to
the search of periodic solutions can be found in the monographs [22,23].

A major step in that direction was given by Krasnosels’kii in [10, Theo-
rem 3.2], to show that if f : RxQ — R™ is a continuous function, T—periodic
int (ie., f(t,z) = f(t+T,x) for each (¢, z) € RxQ), Qis a “canonical” closed,
convex and bounded region, and f satisfies a suitable tangency condition on
01, then the differential equation

¥ = f(t,z), (3)
has at least one T—periodic solution that lies in £2. A brief outline of Kras-
nosels’kii’s approach goes as follows: supposing in addition that f is Lipschitz
continuous, which guarantees the uniqueness and continuous dependence on
the initial conditions of the solutions of (3), the assumed tangency condition
implies that every point « € 2 remains in 2 when following a trajectory of the
T—periodic equation (3). This means that its Poincaré map is well-defined
and maps continuously €2 into itself, so the Brouwer fixed point theorem pro-
vides a fixed point which yields the initial condition of a T'—periodic solution
of (3). Now, the general result follows by uniformly approximating the contin-
uous function f by a sequence f,, of Lipschitz continuous functions satisfying
the tangency condition and by using a compactness argument.

The Krasnosels’kii theorem is a special case of a more general result on
the existence of periodic solutions lying in an open convex neighborhood of
0, first proved by Gustafson and Schmitt [7], in the more general situation of
delay-differential equations, using Leray-Schauder degree. A simpler proof,
based upon coincidence degree was given in [16, Corollary 3.1] as well as
its link with Krasnosel’skii’s theorem in [16, Corollary 3.2]. A variant of the
Gustafson-Schmitt’s result states as follows.

Theorem 1.1. Assume that C C R™ is a nonempty, closed, bounded and con-
vex set, f:]0,T] x C — R™ is continuous, and that, for each outer normal
field v : 0C — S™~1, the condition

(v(z), f(t,z)) <0 for all (t,z) €[0,T] x C (4)
holds. Then the equation (3) has at least one solution x such that x(0) = x(T)
and z(t) € C for allt € [0,T).
Notice that when f: R x R™ — R" is T-periodic with respect to t, the
solutions on [0, 7] verifying the T-periodic boundary condition x(0) = x(T")
can be extended by periodicity to T-periodic solutions.

The main result of this note is to prove the following equivalence
theorem.

Theorem 1.2. Theorem 1.1 is equivalent to the Brouwer fized point theorem.
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To this aim, we first give a proof of Theorem 1.1 based upon the Brouwer
fixed point theorem in a closed ball. To avoid the introduction of locally Lip-
schitzian approximations of f requested by the use of the Poincaré map,
we introduce instead a modified problem whose T-periodic solutions are the
ones of the original problem in C', obtain approximate solutions of the corre-
sponding Cauchy problem, employ the Brouwer fixed point theorem to obtain
approximate T-periodic solutions of the modified problem, and finally use the
Ascoli-Arzeld theorem to extract a T-periodic solution of the modified, and
hence of the original problem.

The modified problem, and its relation with the original one, involve
some basic concepts of convex analysis. The approximate solutions are ob-
tained by an approach to the Cauchy problem introduced in 1906 by de la
Vallée Poussin in the first edition of his Cours d’analyse infinitésimale [4,
Théoreme fondamental, p. 130], rediscovered in 1928 by Tonelli [25] in the
setting of nonlinear Volterra integral equations, and applied in 1947 by Stam-
pacchia [24] to boundary value problems for nonlinear differential equations.
This not so well known approach is applied to periodic problems in [5] and
named Stampacchia’s method. The idea consists in defining approximate so-
lutions zy (k =1,2,...) to the Cauchy problem

a'(t) = f(t,2(t)), 2(0) = a
by solving the Cauchy problem for the retarded equations
xi(t) = a for all t € [-k~'T,0],
xh(t) = f(t,zp(t — k~'T)) for all t € (0,77,

step by step by quadratures on the subintervals ((j — 1)k™'T,jk~1T] (j =
1,...,k) of length k=1T.

To complete the proof of Theorem 1.2, it remains to show that the
Brouwer fixed point theorem is a consequence of Theorem 1.1. If g : C' — C'is
continuous, this is done by showing that the autonomous differential equation

' (t) = g(a(t)) — 2(t) (5)
satisfies the assumptions of Theorem 1.1 for each T" > 0. A sequence of Tj-
periodic solutions of (5) with T — 0 as k — oo provides an equilibrium of
(5) and hence a fixed point of g.

Despite of the impressive list of equivalent reformulations of Brouwer
fixed point theorem in the literature (see for instance [1,5,12,13,17,21]), the
equivalence between the Brouwer fixed point theorem and the existence of
periodic solutions for some differential equation seems to have been unno-
ticed. Although Poincaré had used a topological statement equivalent to the
Brouwer fixed point theorem (the so-called Poincaré-Miranda theorem) to
study periodic solutions in celestial mechanics as early as 1883, and fur-
thermore had shown how to reduce the existence of periodic solutions of
differential systems to the fixed points of the Poincaré map, it is not known
if Poincaré heard about the Brouwer fixed point theorem, published shortly
before his dead. On the other hand, Brouwer never gave any application of
his fixed point theorem, and one had to wait the beginning of the years 1940
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for a proof of the equivalence between the Poincaré-Miranda and Brouwer
theorems, and for the first use of the Brouwer fixed point theorem in finding
periodic solutions.

Another application of the approach used in this paper is a very short
proof using the Brouwer fixed point theorem of a slight improvement of a re-
cent result of Fonda and Gidoni [6] on the existence of zeros of some mappings
in convex sets (Theorem 5.1).

The paper is organized as follows. In Section 2 we collect the needed
properties of the projection operator on a closed convex set in R"™. The proof
of Theorem 1.1 based upon the Stampacchia method and the Brouwer fixed
point theorem is given in Section 3. In Section 4 we complete the proof of
Theorem 1.2 by deducing the Brouwer fixed point theorem from Theorem
1.1. Finally, in Section 5, we present related results on the existence of zeros
of nonlinear mappings, further remarks, and open problems.

2. Preliminaries on convex analysis

In this section we describe the main properties of the nonlinear projection
operator onto closed convex sets and the related concepts of normal and
tangent vectors to a convex set [9]. Through the paper (-,-) and || - || denote
the usual Euclidean inner product and norm, respectively.

Let C' C R™ be a nonempty, closed and convex set and let pc : R" — C
be the orthogonal projection onto C' defined by the formula

|z —pc(z)]| = min lz —yll.

Indeed, pe(x) is well-defined and also characterized as the unique ele-
ment in C' that satisfies the variational inequality

(x —pe(x),y —pe(z)) <0 forallye C.

We point out that pc satisfies the following properties :

i) pe(x) =z if and only if z € C.
ii) po(x) € OC for each x € R™\ C.
iil) ||pe(z) —pc(y)|| < ||z —yl for all z,y € R™, that is, pc is nonexpansive.

The normal and tangent cones to C' at z € C, denoted by N (x) and
Tc(x), are defined respectively as

Ne(z)={ueR": {(u,v—z) <0 forallveC},
Te(z) ={veR": (v,w) <0 for all w € No(x)}.

If x € R"\ C then 0 # = — pc(z) € No(pe(z)) and as consequence it
is easy to show that for each € JC' there exists at least one unitary vector
v(z) € Ne(x). We will call such an application

v:0C — 8"t N Ng(x)

a normal outer field. Notice that v needs not to be neither unique nor con-
tinuous.
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We need a less familiar result about pc, which can be essentially found
in [9], Chapters III and IV, but we give a proof for the reader’s convenience.
Define the function d¢ : R™ — R by

Solx) = %Hx — po(@)|? for all = R™.
Lemma 2.1. For each x € R™, the function d¢ is differentiable and
Vic(x) =2 —pe(x). (6)
Proof. For all x € R™ and all h € R", we have, by definition of pc,
So(z) < %Hx —polz+ W) and So(x +h) < %Hx +h = pol@)|>.
Therefore,
be(a +h) —dc(x) > llle+h—pole+ WP~z — polz + )]

1
= 5(2:5 +h —2pc(x+ h),h)

= (z —pc(@),h) +[|h]]* = (pc(x + h) = po(z), h)
> <x—pc(x),h>

where we have used the non-expansive character of po. Furthermore,
do(x +h) = do(x) < %[IIIE +h = pe(@)l’ = lla - pe(@)|]
= (22 +h = 2po(a), B) = {z — pole), h) + 4]
Hence, for all z € R™ and h € R”

{x —po(x),h) < dc(a+h) —dc(x) < (z —pele),h) +[|h].

3. Proof of Theorem 1.1
3.1. The modified problem
To study the first order periodic boundary value problem on [0, T
a' = f(t,z), 2(0) = =(T), (7)
we introduce the modified problem
y'(t) = —y(t) + pc(y(t)) + f(tpc(y(®)), t€[0,T], y(0) =y(T), (8)
and define h : [0,7] x R™ — R™ by
h(t,y) == pc(y) + f(t,pc(y)). (9)

Notice that h is continuous and bounded on [0,7] x R™ and that the
modified problem (8) reduces to the original one (7) on [0,7] x C.
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Using the variation of constants formula, any solution of the differential
equation in (8) such that y(0) = a € R”™ satisfies the nonlinear integral
equation

t
y(t) = e ta+ / e~ n(s,y(s)) ds (10)
0
for all t > 0 for which it exists.

3.2. The Stampacchia method

The following Stampacchia method [5,24], based upon finite-dimensional
techniques, consists in defining the sequence of approximate solutions yy (-, a) :
[—k~1T,T] x R® — R" (k > 1) of equation (10) by y(t,a) =

a if t € [—k~1T,0],
e tla e*h(s,a)ds i 0,k~1T
[+/0t (s.0) s fre k) -
et [a —|—/ e*h(s,yp(s — kT, a)) ds} ifte((j— Dk T, jk~1T),
0

where j = 2,..., k. By construction, each yj, is continuous on [~k 1T, T|xR",
and satisfies the identity

t
yr(t,a) =e " [a—l—/ e*h (s, yn(s — k™ 'T,a)) ds] , te[0,T]. (12)
0
Furthermore, for kK =1,2,...,
y(t,a) = yp(t,a) + h (t,yk(t — k7T, a)) , te [—kilT, T). (13)

3.3. The modified problem (8) has at least one solution.

Let (yx)ren be the sequence of functions defined by Stampacchia’s algorithm
(11). We first show that for each k > 1, there exists at least one ap € R™
such that

yr(T, ar) = yr(0, ag). (14)

Using formula (12), condition (14) can be written
T
ar = e Lay + / e~ (T=9)p (s,yk(s — k7T, ak)) ds.
0
and hence
T
ap=(1—-e )™t / e~ (T=9)p, (s,yn(s — k™' T, ay)) ds. (15)
0

The mapping Fj, : R” — R" defined by the right-hand member of (15)
is continuous and bounded by a constant R > 0 independent of k. So, the
Brouwer fixed point theorem implies the existence of at least one fixed point
a; € B(R).

Next, we prove that the family {yx(-,aj) : & = 1,2,...} is relatively
compact in C([0,T],R™), or equivalently, using the Ascoli-Arzeld theorem,
is bounded and equicontinuous. The boundedness is a direct consequence of
Stampacchia’s construction of y; and the boundedness of h. For the equicon-
tinuity, it follows from (13) and the boundedness of h that there exists S > 0
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such that ||y, (¢, af)|| < S for all k = 1,2,.... Thus, going if necessary to a
subsequence, we can assume that (yz(-, aj))ren converges uniformly on [0, T
to some y* € C([0,T],R™). In particular, aj = yx(0,a}) — y*(0) if & — oo.
From relation (14), we deduce that

y*(T) = y*(0),
i.e. that y* satisfies the T-periodic boundary condition. On the other hand,
using identity (12) and Lebesgue dominated convergence theorem, we obtain

gt = et [y*<o>+ / Shis,y™(s).ds| . tel0.7),

which means that y* is of class C! and is solution of the differential equation
in (8).

3.4. The original problem (7) has at least one solution x such that x(t) € C

for all £ € [0,T].

By the previous claim we know that the modified problem (8) has at least
one solution z(¢). Let us show that x(t) € C for all ¢ € [0,T]. The set I of
t € [0,T] such that x(t) € R™ \ C, that is such that ||z(t) — pc(x(t)]| > 0, is
open in [0,T], and if t € I, we have, using Lemma 2.1

& |G le0) ~ pele®)I?| = Ss0(a(t) = (Voo (a(t), o' (1)

= (a(t) — pe(a(®), ~[a(t) — pe(a(®)] + F,pe(®)))

= —Jle(t) ~ pe @I + (1) — pee(t), J(t,po ()

< lle(t) = pe (@) <0, (16)
z —pc ()

[l = pe ()]
that, by assumption (4),

<$(t> - pC(‘T(t))v f(t,pc(l‘(t))>
~ () ~ et { -

Let 7 € [0, 7] be such that

51107) = pealn)IP = s [51a) = pe(el)]?]

because is an outer normal to OC at p(x) when x € R™\ C, so

— pe(x(t))
£) — pe (@) f(t7pc(w(t)))> <0.

If 7 € I\ {0,T}, then

d [1

& |31~ petatoni?] =0,
a contradiction to (16). If 7 = 0, then, by the periodic boundary condition,
the maximum is also reached in 7 = T, so that

i[;mav—mﬂﬂTD2}>Q

a contradiction to (16). Thus 7 € [0,77\ L,
0 < [la(t) = pe(a®)|* < llz(1) - pe(a(r)|* =0,
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so that x(t) € C for all t € [0,T] and is a solution of the problem (7).

Remark 3.1. Condition (4) is the key to prove that any periodic solution of
the modified problem (8) belongs in fact to C' and then it is also a solution
of the original problem (7).

We point out that (4) is equivalent to

f(t,z) € Te(x) for all (¢,x) € [0,T] x AC,

so it is justified to call it a “tangency condition”.

4. The equivalence between Theorem 1.1 and Brouwer FPT

Since Theorem 1.1 is a consequence of the Brouwer fixed point theorem, we
only have to prove the reciprocal implication to finish the proof of Theorem
1.2. Let C be a nonempty, closed, bounded and convex set and g : C' — C a
continuous function. Consider the autonomous differential equation

a'(t) = f(x(t), where f(z) = g(z) — . (17)
Let v(x) be a normal outer field on 9C. Then
(v(z), f(z)) = (v(z),g(x) —x) <0 for all z € OC,

since g(0C) C C and so condition (4) is satisfied. Now, Theorem 1.1 provides
a T—periodic solution contained in C' for each T' > 0 (note that as f is
autonomous then it is T'—periodic for each T' > 0).

Therefore, for each k € ZT let @1 be a 5 —periodic solution of (17)
contained in C'. Clearly, xj, satisfies

2 (t) = 24(0) + /O Fan(s))ds, (18)

and thus from the Arzela—Ascoli theorem the sequence (xy) is relatively com-
pact, so it has a subsequence converging uniformly to z* in C'. Passing to the
limit in (18) we obtain

£a(t) = 2.(0) + / F(a(s))ds.

Therefore, 2* is also a solution of (17) and moreover it is #—periodic
for each k € ZT (since x, is ﬁ—periodic for each m > k). As a periodic
continuous function without minimal period is constant, we get that z* is a
constant solution of (17) and then

so x* is a fixed point of g.
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5. Final remarks and zeros of mappings in convex sets

In the original formulation of Gustafson and Schmitt [7], the condition upon
C is stronger (C'is a bounded, closed, convex neighborhood of the origin) and
the inequality in assumption (4) is supposed to be strict, but to hold only
for some outer normal at x. The strict character of the inequality is easy to
remove, but we do not know how to deduce Theorem 1.1 from the Brouwer
fixed point theorem when condition (4) holds for one outer normal field only.

The same idea as in the proof of the second part of Theorem 1.2 given
in Section 4 allows to strengthen the conclusion of Theorem 1.1 in case f is
autonomous.

Corollary 5.1. Suppose that C C R™ is a nonempty, closed, bounded and
convez set, [ : C — R™ is a continuous function and that, for each outer
normal field v : 0C — S"~1, the condition

(v(z), f(z)) <0 for all x € OC (19)

holds. Then, the differential equation z'(t) = f(z(t)) has a constant solution
in C.

Clearly, Corollary 5.1 can be reformulated as a sufficient condition for
the existence of a zero of f. There is a large literature on analogous tangency
conditions like (19), in particular, in the case of a compact convex set C', which
can be traced back at least to Browder [3] and Hartman and Stampacchia

[8].

In the paper [18], simple proofs of the Hadamard and Poincaré-Miranda
theorems for the existence of zeros of continuous mappings in a closed ball or
a n-dimensional interval of R™ had been given, based upon the application
of the Brouwer fixed point theorem on a closed ball of R™ to suitably asso-
ciated fixed point problems. Theorem 1.1 can be seen as an adaptation of
similar ideas to T'—periodic solutions of ordinary differential equations and
it suggests a similar proof of the following slight improvement of a common
generalization of the Hadamard and Poincaré-Miranda theorems proved by
Fonda and Gidoni in [6, Theorem 3], using the Brouwer degree, when C' has
a nonempty interior.

Theorem 5.1. If C' C R”™ is a nonempty, closed, bounded and convex set, then
any continuous mapping f : C — R™ such that

f(z) € Ny \ {0} forallz € 0C (20)
has a zero in C.
Proof. Let us define the continuous mapping g : R™ — R"™ by

9(x) = po(z) + f(po(x)).
Then, for each z € R",
lg(x)[| < diam €'+ max [ f(y)] := R.
yel

So g : Br — Bp has a fixed point * € Bp, that is, f(pc(z*)) = z* —pc(z*).

If 2 € R™\ C then po(z*) € 0C and z* — po(a*) € N, \{0} a
contradiction. Hence, z* € C and f(z*) = 0.
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Remark 5.1. The referee pointed out that Theorem 5.1 can be obtained as
a special case of Theorem (2.5) in the survey by Kryszewski [11]. However a
direct proof in this simpler framework might still be of value.

Thus, Theorem 1.1 can be seen like a “nonautonomous” version of The-
orem 5.1. However, while in the autonomous case it is enough to ask the
“avoiding normal cone” condition (20) to ensure the existence of a constant
solution in the nonautonomous setting we need the stronger “tangency condi-
tion” (4) in order to get the existence of a solution for the periodic boundary
value problem (7).

By using the Brouwer degree, it is easy to prove the following variant
of Corollary 5.1.

Corollary 5.2. If C C R™ is a closed, bounded and convex neighborhood of 0,
then any continuous function f: C — R™ such that the condition (19) holds
for some outer normal field v : 0C — S™1 has a zero in C.

Proof. Firstly observe that for all x € 9C' it is satisfied that
(v(z),z) > r:=dist(0,0C) > 0
Indeed, since rv(x) € C from the definition of an outer normal field we have
0> (w(x),rv(z) —x) =r—(v(zx),z) forall z € dC,

from which the result holds.

Consider now the linear homotopy

F(z,\)=(1-Nz—Af(z), A€]0,1),

and compute, taking into account condition (19), for x € dC and A € [0,1)

(v(x), F(z,A)) = (1 = \){v(x), ) = AMw(x), f(z)) = (1 = A)r > 0.
Then, either f has a zero x € 9C or F(x,\) # 0 for all z € 9C and X € [0, 1].
In this last case, by using the properties of the Brouwer degree dg in the
open, bounded set = int(C) containing zero (note that 9Q = dC since C
is convex), we obtain

dp(f,Q) =dp(F(z,1),Q) =dp(F(x,0),Q) =dp(Id,Q2) =1,

which implies the existence of a zero of f in C. O

Remark 5.2. Note that in Corollary 5.2 the inequality (19) is only requested
for one outer normal field but the set C' should have nonempty interior. We
do not know if this version can be deduced from the Brouwer fixed point
theorem.

For a more detailed study on the connections between the Brouwer fixed
point theorem and the existence of zeros for certain functions the reader is
referred to [13,19,20].
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