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f(x, y) *=f x Lipschitz it~~~li¡~~~~*:ñ'~y,O = f(x, y) MrJ{Jot-'ti?
José Ángel Cid Rodriga López Pausa

1. 51~
-Mifmr, fjft~9::ljB]~ÉB~~~~~~5EÉB. {g4-Át~~ÉB~, tE-1-~P1lt:ff~

~ÉB~#r~~~~5EÉB~~. rW~*n~~ÉB~~.
*~ÉB§ÉB~ftg~~$ÉBft~I~#~~~-1-~~M*. ~~~*~&~ftÉB

.*ÉB5E~, ~~rT.-tt5E~ÉB~mmoo .• ~~~,~1-M*~.-tt5E~.R
~ÉB~~.~~~.ÉB~mx.,~W~d.-tt5E~ÉB-1-~ÉB%~. ~~5E~ÉB-
1-{~H~~~ÉBf91JT~~-.m:~fJfa¡ffiÉBLipschitz (~Jif;ffi-~)5E~ÉB-1-JlJi*, {g~~j;-

:ff~~ÉB.-tt5E~-~$ÉB~~ÉB~ÉB.-tt5E~.
rW, fJGffJ9IA-®ic%l2Á1J!it~~ititfJf~mÉBIB]~. R N ~}~ (xo,Yo) E ~2 ÉB

-1-~~~, #R f :N -+ ~ ~-1-~5EÉB~M. ~mf¡T-.~{~JiiJ~

y' = f(x, y), y(xo) = yo· (1.1)

fJGffJ@Hl-r, (1.1)ÉB-1-. y : I -+ ~ ~~JB] I l:ÉB-1-J!~~.~ft, fj!f~ Xo E

I, Y(xo) = yo, # li.x;j"ff~ x E I, :ff (x, Y(x)) E N ~ Y'(x) = f(x, Y(x)). :tm)Dí1lt-~,
fJGffJ~(1.1):ff-1-.-., ~fftE a> O, fj!f~ (1.1)tE [xo - a, Xo + a]l::ff -1-., #
lifffi1J~UÉB.y: I -+ ~ ~llt.tE In [xo - a, Xo +a]l:;ffi~.

tE*~~fJGffJ.R f tEN l:J!~. ~llt, EI3Peano ({Kjñ.iIEi,t)5E~%l, fftE e > O, fj!
1~(1.1)tEIKIBJ[xo - e, Xo + é]l:~j;-:ff-1- •.

{/ifJ\iIEi,t5E~ÉBf¡T-.%~~*~18861=p[11],tE 18901=p~*í~r)9jJ~mÉB1f% [12].1)
~I!t, {IijltiIEi,tB~~~i,R~U~®J!~~ft f ftiq: (1.1):ff$1- •. {iBtE[12]~~tf:lTrW
ÉBf91JT:

1JlJ 1.1 .x;j"~f(x, y) = 3y2/3 ~ Xo = O = yo, IB]~ (1.1):ff$1- •. $~l:, )Dí:etA~
tt.~iiE~%l Y1(x) = O ~ Y2(x) = x3 ~~ (1.1)tE~$l:ÉB •.

Lavrentieff ~ 19251=ptAJ:li1rT-1-J!tf:lÁ~;f-J.ÉBf91JT,I!P-1-~%l:ÉBJ!~~ft, fj!
1~(1.1)tEl2Á~%Pl¡'fj)ÉB*~,r!i, (xo, Yo) ~)91JJ3l€i~{t¡:at,.-tt~/Gd3L [6].19631=p,
Hartman tE*~~~*T -1-~~~~ÉB~f¡ijt¡iÉBf91JT, jt~~ft5E~tEil:1-1'-Wl: [5].

~§I The Amer. Math. Monthly, Vo1.116(2009), No.1, p.61-66, Does Lipschitz with Respect
to x Imply Uniqueness for the Differential Equation y' = [i», y)?, José Ángel Cid and Ro-
drigo López Pouso. Copyright @2009 the Mathematical Association of America. Reprinted
with permission. All rights reserved. ~§!JIIt*tfJ.~~T~)ctl:lJltiit"ii]".

1) tJii.5IY:*{j!fflflk*Á~~.~%~~j~j~)c~x[Um$1I.3 ~Fo, G. Mie ffl~)c~T~~1Ié9J1!f* [8J.
- W-tl:
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·*~fi~~~m.~~.~~$~~ •• ~Mfi.~ ••• ~. ft~~O@mA
m~~~~~.~$.#~~m%, ~~~~.ft~~~~~.~ft~~~~.~tt.~*,.-tt~~.-tt~~~~OO~~~$~m, ~~,~~~.~.~~~~~~
~ttft~lIt [13].~~, SH~Jt:*~IJJ..*.~--t-JJ..~~fiiJJm~~~.-.f&~jí~.

~ •• -*#.*~fi~.#~.~*~*.~~18n.~.~O-t-~~N~~
.-tt~~~-flt%s:\; [7],())\PJ.IA!.~if [4,14].r~~~)(;j*)(~ §~~~$~:

lEJI 1.1 (~(J.~~Dft-1ilEJI) ~ N ¡LIt (XO,YO) E IR2 ~-~~~, :1H~f :
N ~ IR ~ N ~.i!.~.

*f~N~*~J2~~~~~~ •• ~.*,~
1t~ L > o, ft4f (x, y), (x, z) E N ====} If(x, y) - f(x, z)1 :SLly - z], (1.2)

~~ (1.1)~"1i-~.
~~~ril]: f *~J 1 ~ ~tmJE~J*.~jk{lf~~m*~ (1.1) ~.~.-tt?

f9lJ 1.1.IY3-flimt5Lr~~)(;j·Ji#, I'iiJJmf,tJIJ~~Jl:.fªftffJttif*~~~OO**)(~
~J~W*, fiB~~~:t1ff(xo, Yo) =1 O, ftffJ~~~~if~~.
2. (~ft*1J<z.jj:l:iiJ!) iJ:~JiJT~f.Jot-~:iEJlaf~

ftffJ)'G~--t-M!f!~tt*Wtl:.:t1fN' e N ~ (xo, Yo) ~ Jj--t-~~~,*iifiiJJm

y' = f(N'(X, y), y(xo) = yo

~.-., JJ~~ (1.1) ~.-. (~1! fiN' .~ f ~ N' ..t~l5tiiUtJ).~T~-t-XW.~, ~9é
-flitt, ft~PJ~~~~~~~..t~~.-tt. ~~.PJ.~~IY3Mfi~~-@tt*.
-;1.

rOO~~~~*)(~~'L', ~~JLT (1.1)~.-tt~~~;f§*~][f~fiiJJm.-ttz
~~.~tt. ~~, .-tt~~~~mrMT-ffi.

lEJI 2.1 -i~ N k.f!, (XO,YO) E IR2 á~-~~,}A, :1H~f: N ~ IR s. N ~.i!.~.
* f(xo, Yo) =1 o, ~~ (1.1) ~,*-~,~1l{5l~

x' = f(:, y)' x(yo) = yo (2.3)

~,*-~.
i.iEBJJ . EB~ f(xo, yo) =1 O, *ii f ~ (xo, Yo) ~~~, ~~#~ (xo, Yo) ~--t-~~,

m1~f ~~..ttK~ii~~. ~M{J!JI§.IA!.,1N~ f ~ l/f ~ N ..t~~%, ~~.
JiJlt:sJ:fJ!~~~!a*, ~~~rWT13, ~WT13*:!it())\1l!~@.
fJf1f * y k (1.1) ~-~~, jll) y-l k (2.3) ~-~~. Á:Z, * X k (2.3) ~

-~~, >'11) X-1 k (1.1)~-~~.
1JT~B1Ji.iEBJJ ii y: 1~ IR ~ (1.1)~--t-.; )(;jff~x E 1, ft{fJ~ (x, Y(X)) E N

~ yl(X) = f(x, Y(x)). ¡!& Y' ~ 1 ..ttg%.t#~IJ,y ~&PEi. y-l :Y(I) ~ IR. ftffJ*~
lY3X = y-l ~ (2.3) ~ •. fr)'G, Y(I) ~--t-~* yo ~lKrB], *ii X(yo) = Xoj ~~,
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Mm~yEYm,~&~.~* •• ~~m~~
X'(y). = (Y-l),(y) = YI(Y~l(y)) = f(Xty),y)"

&Jr¡BJ~iiE~JH~~{b{~,~~. ~13iiE~.
~j§', 1f!i~y ~ (1.1) :fEgra]I = [xo - a,xo + al 1:~pt-., ¡t;qcta > o. fJtffJ

~iiE~ y-l ~ (2.3) :fEgIBJJ = [yO- (3, yo + (3l 1:~pt-., ¡t;qct(3 > O J't:5t/j\,fY!1~
J e Y(l), *EI..* X ~ (2.3) ~5(:fE-1- J e J 1:~{f-., lJtu X(J) e t (~r 1/f:fE
N 1:~ Jf" zlltJXff~ (3 ~ -ar~~~).19:X ~ (2.3) ~:fEgra]J e J 1:~-1- •. ~r
x-: ~ (1.1) :fEX(J) 1:~., * El.. X(J) e t, ~:fEX(J) 1: x-l = Y, kArm:fE(J) 1:
X = y-l. ~{wt!!, -ari2ÁiiE~~(2.3) .~pt-tH¡~lf (1.1) .~pt-tt. •

1:~~{fj'l1~m.i:~~mit1t!H1::fEr~ (1.1) ~1*JIj (2.3) at, §~:I:-':ijIZ5J~Jt~
~~ffi~~1*,JXff, MIZ5J~.~1f!i19:~#~~~~§~.~1f!i19:~#.

:fEf(xo, yo) i= O ~1f!i19:T,~ B~~pt-'jfí~m1:nX;~~pt-t:E~J1I[~it~tl~:fE8;t
1lU1i}ifiT:~~,*r f ~~m~{Lf:, 1!1~mz~pt-tt~mmfflr (2.3). TlJqctfJtffJ~
JtI;f1j~*1X~m~J1í[JX1-it~tl.
3. mi.1i'Ij~~;;¿ot-'l1:iEJ'

*lJ~j]rititTW*Jt;~;f1j~*1Xpt-'jfí~m, 't~~m 1.1 -':ij2.1 ~]j~~¡!f:*.
lEII 3.1 1~ N ~A (xo, Yo) E R2 á~-1'--4~;lA, jH~ f: N ~ R)i.. N .l..lt~.

* f(xo, yo) i= o, Jl f *-T ~ 11'--3t i:')i.. N .l..;~JL;frJ-t:fjr ~ ~*,I!p

-tt-1i- L > o, 1t-ff (s, y), (x, y) E N ==? If(s, y) - f(x, y)1 ~ Lis - z], (3.4)

~~ (1.1) :1f1i-~.

i.iEB"ij ~r f(xo, Yo) i= o,IZ5JJIt~m2.1 mffl. mi2Á.R$iiE~(2.3) ~pt- •. jgJlt,

tl:~JIj f :it~~,*lfff:fE (xo, yo) ~-1-~~~, 1j!1~:fE¡t;qctIfl 2: If(xo, yo)I/2 =: r > O.
~f¡ijifij\§.9i!.,fJtffJ19::fEN 1:JIt/F~Jt;nX;JL.~X;J(x, y), (s, y) E N, ~

1
_1 1_1 = If(s,y)-f(x,y)1 <!:.... s-xl
f(x,y) f(s,y) f(x,y)f(s,y) - r21 ,

kArm~m1.11*iiET (2.3) ~pt-. (tt~ (2.3) qct~x ~1Z5J~.). •
~m 3.1 ~-1-~p1it~ffl~t¡!f:*-':ij~~:it~-ar.~.5tJrW~,*.
m~ 3.1 1~ N ~.?, (xo, Yo) E R2 á~-1'--4~;lA, :fH~f: N ~ R)i.. N .l..lt~.* f(xo, yo) i= o, Jl af /ax )i.. N .l..lt~, gtrl(1.1) :1f"1i-~.

i.iEB"ij 19:N' ~ (xo, yo) ~-1-~~~~, mJE N' e N, *19:L > o~ laf /axl :fEN'
~-1- 1:W. ~x;J{f~ (x,y), (s,y) E N'.X i= s, qctta~m1*iiETF~frr x -':ijs zra]~
r ~ff:fE'jfí, 1j!1~

If(x, y) - f(s, y)1 = 1 ~~ (r, Y)IIX - si ~ Llx - si-

IZ5Jrm,~m 3.1 !i~lf (1.1) ~pt- •. •
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y' ~ cosx + xqy, y(O) = °
~.-.. ~., ~m~_~~m~#~ff.~~~.~mg~.*~.-tt~m~~
W:.

Htr~ffh~3.1~-l"1t~~f1tl~ g:¡ ~il~*~~. T~~.~{1ijñ,~*.-tt~m [12]
DJé3ffh~3.1H~1~JiJ.

m~ 3.2 l~ é> 0, 9 : (Yo - e, yo + s) ---+ IR ~~, Xo E IR. %- g(yO) =1- 0, M ~ }(;.~V¿

y' = g(y), y(xo) = yo

t'''1i-$f.
glJ 3.2 ~~pg:¡ ril1f%, .-~{lj: f(xo, Yo) =1- ° ~gJ2.,(1*i1E(1.1).~.-tE.f1tl

:tm, xrf1tl1.1¡:p~g:¡ rilriiJlmdzjdx = 3z2/3, z(O) = °~~.~~ y = z + x, 1iJiJ~pg:¡ rillPJ
1m

y' = 3(y - X)2/3 + 1, y(O) = 0,

~~~J¡ffl~~:íl€i~~1iB.t~~0,jf '§'x;JfJT~ x E IR, Y1(x) = x ~ Y2(x) = x3 + X .~ •.
lltat~~~_~~:íl€i~{lj:~{f.~~~~.~mg (1.2)~ (3.4).

4. ~*;.~
1.~m 2.1i1Ea)3:ttm¡:p~*i"§~!!G{fJt.!H!~T-#fg*~~, ~~flPft (1.1)~DJfg,

(2.3){JjDJít~DJfR.~~L, ~~*~m1VfJl:¡:p, ~ dyjdx = f(x,y) m~~~7!~DJ.
at, ~ITií*. dxjdy = 1jf(x,y) ~-l"1itm~1tJ5. MITií,l/4f~#1tJ5~.-ttif§lf**
~mi~ElZmJ)!iJ~~~Jlí: 10~~1iJiJ7t~1f2t.

~l"*i"§]!-fR~%j\;é3*:>c~~2t~:á::>c~ [3]¡:p,'"tmT~.lr.·§J5~m3.1:á:~
~-@t¡t* ([3],~m 2.7).Jff*, Cid[2]l/4f~m3.1ffEJJlJ~*~~m~1f%.

[2,3]2t~Jff, ~~~2t~ Mortici ~I~ [9, 10].tt!!G{fJfJT~,Mortici ~1iJiJ~m
3.1~m-Á.

2. *$!J&.-'l1:flJ)!iJ.~~Tf¡jfl~;ftJ.*~~{lj: (1.2)~ffE) [1],:i!l(;~w~-@
.iJái'I1:~W:[15,16].~m 2.1~:á: "y DJ~~ x" ~~W:T~.lr.fJT~!~@flJ)!iJ~ffi%j\;~
~ •. ~~ili~$ffi~.-tt~m,.~l/4f~2t~'"tm:á:~~~~¡:p.~m. x;J~@~
~~~if§~~~m~~ •• ~BSili*:>c~mOO,ffi!!GmMili.~*.-ttfl~~~~
~~~Jff-l"f1iJT [1]:

~JI4.1 l~ N ibt (xo, Yo) E IR2 á~--t-4IHA, .jH~f: N ---+ IR ts. N j:.~~.

%- f(xo, Yo) =1- 0, ~I:.j¡-, f ~ T ~ 1 -t-:Jt i ~ifoJ;;r-iA(llp, ~ (s, y), (x, y) E N, s ~ x
lit f(s, y) ~ f(x .•y)). Yl'J (1.1) t'''1i-$f.

ti:iM, ~~j(ifij: (~)
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(3.5)


